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Abstract. We recall a construction of non-commutative algebras related to 
a one-parameter family of (deformed) spheres and tori, and show that in the 
case of tori, the *-algebras can be completed into C*-algebras isomorphic to 
the standard non-commutative torus. As the former was constructed in the 
context of matrix (or fuzzy) geometries, it provides an important link to the 
framework of non-commutative geometry, and opens up for a concrete way to 
study deformations of non-commutative tori. 

Furthermore, we show how the well-known fuzzy sphere and fuzzy torus 
can be obtained as formal scaling limits of finitc-dimcnsional representations 
of the deformed algebras, and their projective modules are described together 
with connections of constant curvature. 



1. Introduction 



In [ABH+09allABH+09b , sequences of matrix algebras where constructed as "fuzzy" 
analogues of surfaces in R 3 . In particular, a one parameter family of surfaces, in- 
terpolating between spheres tori, was considered and all finite dimensional (hermit- 
ian) representations of the corresponding non-commutative algebras were found and 
classified. It was shown that the representation theory clearly reflects the topol- 
ogy of the surfaces and that smooth deformations of the geometry induce smooth 
changes in the representations (see also |Arn08bl IAS09 1). 

One may wonder if there is a relation between the non-commutative algebras con- 
structed in this way and the C*-algebra representing the standard non-commutative 
torus |Con80j ? Although the construction of the two algebras is completely differ- 
ent (and for the deformed algebras, there is a priori no concept of norm), they 
correspond to the same (non-commutative) topology. From this point of view a 
C*-algebraic isomorphism between the two kind of algebras would be natural. 

In this note, we review the construction of the non-commutative algebras related 
to (deformed) spheres and tori, and show that there exist formal scaling limits in 
which the representations become the standard fuzzy sphere and torus. Further- 
more, we construct a basis in which one can complete the deformed torus algebras 
into C*-algebras isomorphic to the standard non-commutative torus. Finally, we 
consider projective modules of the non-commutative torus in this framework, to- 
gether with connections of constant curvature. 



2. Construction of noncommutative algebras 

Let us briefly recall how to construct non-commutative algebras related to level 
sets of a polynomial in K 3 |ABH+09bl lABH+09al IArn08bl lAS09l IArn08aj . Given 
a polynomial C € R[x,y, z\ = R[x x , x 2 , x 3 }, one can define a Poisson bracket by 
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setting 

(2.1) {/,<?} = VC- (V/xVfl), 

for f,g e C°°(R 3 ). In particular, it follows that {x\x 3 } = e t3k dkC. By construc- 
tion, the polynomial C(x,y,z) Poisson commutes with all functions, which implies 
that the Poisson structure restricts to the inverse image C _1 (0). Thus, it defines 
a Poisson structure on the quotient algebra M[x, y, z]/ (C(x,y,z)), which can be 
identified with polynomial functions on C _1 (0). 

To construct a non-commutative version of the above algebra, one starts with 
the free (non-commutative) associative algebra C[X, Y, Z] and imposes the relations 

[X, Y]=ih: d z C : 

[Y, Z] = ih : d x C : 

[Z,X] = ih : d y C : 

where H € M and : diC : denotes a choice of ordering of the (commutative) polyno- 
mial diC. In |ABH + 09al lABH + 09b] . the authors considered the polynomial 

(2-2) C{x,y,z) = \(x 2 + y 2 - + \z 2 - \ 

whose inverse image C -1 (0) describes a sphere for fj, < 1 and a torus for \i > 1. 
One computes that 

{x, y} = z {y, z) = 2x(x 2 + y 2 - ft) {z, x} = 2y(x 2 + y 2 - fj,) 

and the corresponding non-commutative relations were chosen as 

(2.3) [X,Y]=ihZ 

(2.4) [Y,Z] = ih(2X 3 + XY 2 + Y 2 X -2fiX^j 

(2.5) [Z,X] =ih(2Y 3 + YX 2 + X 2 Y -2^. 

The algebra is then defined as Cn :fl = C[X,Y,Z]/I, where / is the two-sided 
ideal generated by the above relations. Using the "Diamond Lemma" [Ber78| . 
it was prov ed that Cn,^ is a non-trivial algebra for which a basis can be computed 
ABH+09bj . We shall also consider C h ^ to be a *-algebra with X* = X, Y* = Y 
and Z* = Z. 

In the Poisson algebra, the polynomial C is a Poisson central element of the 
algebra. It turns out that a non-commutative analogue of C is a central element in 
C h ^. Namely, by setting 

(2.6) 6 = (X 2 + Y 2 -2{it) 2 + Z 2 

one computes that [X, C] = [Y, C] = [Z, C] = 0. Thus, in analogy with it is 
natural to also impose C — 1 in Cr, m . As we shall see, the presentation of the algebra 
in terms of X , Y and Z, is appropriate when comparing with spherical geometries 
(and the "fuzzy sphere"); there is, however, another choice of basis which naturally 
makes contact with non-commutative tori. By setting W = X + iY and eliminating 
Z = -k [X, Y] , the remaining relations may be written as 

(2.7) (W 2 W* + W*W 2 ) (1 + h 2 ) = 4[ih 2 W + 2(1 - h 2 )WW*W 

(2.8) ^(WW* + W*W -2fitf + - W*W) 2 = I. 
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Furthermore, by introducing 

A = ^(W - W*W) + 1 -{WW* + W*W - 2/il) 
the above algebra can be presented as 



(2.9) WA = qAW ; W* A — qAW* 

(2.10) W*A* = qA*W* ; WA* = q~A*W 

(2.11) A*A = AA* = 1 

(2.12) WW* = zA + zA* + fit 

(2.13) W*W = -zA-zA* + fit, 



where q = e 27TlB , z = e Z7rS /2i cos7r# and 9 is related to h via h = tan7r6*. 

Note that the above relations are quite similar to those of the standard non- 
commutative torus, generated by two unitary operators. The difference is the de- 
formed unitarity of the operator W. Let us now define the algebra together with 
the parameter ranges that we shall be interested in. 

Definition 2.1. Let fi, 8 s R such that \i > and \fi cos7T0| > 1. By A e we denote 
the quotient of the (unital) free *-algebra C (W, W*, A, A*) and the two-sided ideal 
generated by relations (|2.9[) (|2. 13[) . 

Again, one can make use of the Diamond lemma |Ber78] to explicitly compute a 
basis of A ^ g . 

Proposition 2.2. A basis for A^ g is given by 

To, = q m ^/ 2 A mi W m2 
Sr = q- nin ^ 2 A ni {W*) n2 

where rh = (m±, 77*2) £Zx Z>o and ft = (711,712) G Z x Z>i. Moreover, it holds 
that 

fain q lrh-\-n 

5^ C ^ mxn/2 0^ 

fh^n q ^m-\-n 

where rh x n = 7711712 — 7117712. 

Proof. To prove that and Sr provide a basis for the algebra, we make use of the 
"Diamond Lemma" , and refer to [Ber78 for details. Thus, relations (|2.9p - (|2.13|) 
are put into the reduction system 

Si = (WA, qAW) S 2 = (WA*,qA*W) S3 — (W*A*,qA*W*) 

S 4 = (W*A, qAW*) S 5 = (AA*,1) S 6 = (A* A, t) 

S 7 = (WW*, zA + zA* + fit) S 8 = {W*W, -zA - zA* + fit), 

and a compatible ordering is chosen as follows: if two words are of different total 
order (in W, W*,A, A*) then the one with lower order is smaller than the one 
with higher order. If two words are of the same order, they are comparable if 
the orders in W, W* , A, A* are separately equal. Then the ordering is lexicographic 
with respect to the alphabet A, A*, W, W* . With this ordering one easily checks that 
Pi > Qij, where Si = Qij)- Furthermore, this ordering has the descending 

chain condition. 
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There are several ambiguities to be checked in this reduction system. For in- 
stance, let us consider VFVF*A. One needs to check that it reduces to the same 
expression if we use SV to replace WW* or S4 to replace M / *A. One computes 

(zA + zA* + fit)A - W(qAW*) = (zA + zA* + fit) A - qqAWW* 
= (zA + zA* + fit) A - A(zA + zA* + fit) = 0. 

The other ambiguities can also be checked to be resolvable. Hence, by the Diamond 
Lemma, a basis for the algebra is provided by the irreducible words. Denoting 
(A*) n = A _n the irreducible words are given by and Sft- To prove the product 
formulas, one simply uses the relations to reorder the expressions. □ 



2.1. Scaling limits. Let us now show that the algebras defined above have two for- 
mal scaling limits reproducing the fuzzy sphere and the standard non-commutative 
torus, as well as their finite dimensional representations. 

For the sphere, one introduces X = X/e, Y = Ye, Z = Z/e as well as k — h/e. 
In terms of the rescaled variables, relations (|2.3[) - (|2.5|) become 

[X,Y] = ikZ 

[Y, Z] = -2ikfJ,X + ike 2 <S>(X, Y) 
[Z, X] = -2ikfiY + ifce 2 $(f, X), 

where $(X,Y) = 2X 3 + XY 2 + Y 2 X. For - 1 < fi < one finds an algebra 
isomorphic to su(2) as e — > 0. In |ABH+09b] . the non-zero matrix elements of 
W = X + iY, in an A^-dimensional irreducible representation, were found to be 



/2sin(7rZ6>)sin7r(n- 1)9 
Wij + i = ' 1 



cos nt 



for I = 1, . . . ,N — 1. Setting W = X + iY and k — tan0, one finds that 9 = e9 for 
small e, and 

W u+1 w ^2ir 2 £ 2 l{n-l)9 2 V2ir9^l(n - 1), 

which reproduces a standard representation of su(2). 

To obtain the non-commutative torus, one considers relations (12.91) - (|2 . 13|) and 
introduces W = eW and sets fi — 1/e 2 . Relations (|2.12j) and (|2.13|) then become 

WW* =e 2 (zA + zA*) +1 
W* W = e 2 ( - zA - zA*) + t 

which reduces to the fact that W is unitary as e — > 0. Clearly, equations (|2.9|) - (|2.1ip 
are invariant under this rescaling. The corresponding non-zero matrix elements are 



W NA = 



cos( 



cos2irl9 

W l>t+ i 
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for I = 1, . . , , N — 1, which implies that 



W N ,i = e-i/i + 



1 cos 2irl6 



as e — > 0. Even without any rescaling, it holds that A is a matrix with the N roots 
of unity on the diagonal. This reproduces the finite dimensional representations of 
the non-commutative torus. 



3. Relation to the standard non-commutative torus 

Let U, V be the generators of the non-commutative torus Cg }Con801 ICon 94, CR87 ; 
i.e. the universal C*-algebra generated by the relations 

VU = e l27r8 UV 
U*U = UU* = 1 
V*V = VV* = I. 

In what follows, we will show that one can map e into Cg and use the induced 
norm to complete A° g to a C*-algebra isomorphic to Cg. Let us start by proving 
a result about the spectrum of a particular element in Cg , that is used to construct 
a *-homomorphism from A° e to Cg. 

Lemma 3.1. 7/|^cos7r6>| >1 and /i > then the element fit + ze mip U + ze~ i7Ttp U* , 
with z = e l7T /2icosir9, is positive and invertible in Cg for all <p € K.. 

Proof. The element is clearly hermitian and let us write 

fit + ze™W + ze'^U* = fit - B. 

To study the spectrum, we consider the invertibility of the element (fi — A)l — B 
for different A. It is a standard fact that this element is invertible if 1 , IISII < 1. 
One computes 

— - — IISII = \\e in,p U + e i7rv U*\ \ < 

|Ai-A| N 11 2\(fi- A)costt0| 11 11 " |(m- A) cob ti^I ' 

which is less than one if |(// — A)cos7T0| > 1. Since \/j,cosw6\ > 1 by assumption 
(and [i > 0), it follows that , \\B\\ < 1 for all A < 0. Hence, fit — B is invertible 
and the spectrum is contained in (0,oo). □ 

Thus, it follows from Lemma [3.11 that if [i > is chosen such that cos ir6\ > 1 
then both -^//il + zU + zll* and its inverse exist in Cg. 

Proposition 3.2. The map (j), defined by 

<j>(W) = (j A*l + zU + zU*^jV 
0(A) = U, 

induces an injective *-homomorphism from A° g to Cg. 
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Proof. First of all, one has to check that the map is well defined, i.e. that it respects 
the relations in A ^ e ; for instance, denoting R = /il + zU + zU* , one computes 

(j)(WW* -zk- zA* - lit) = y/RVV*y/R - zU - zU* - fit 

= R - zU - zU* - /il = 0, 

by using the relations in Cg. The remaining relations are checked in a similar 
way. Now, let us prove that cj> is injective. It follows from Proposition 12.21 that an 
arbitrary element a £ A ^ s can be written as 

a= Y a^A mi W m2 + Yj b n A ni (W*) n2 

meZxZ> neZxZ>i 

(where all but a finite number of coefficients are zero) which implies that 

rh n 

Note that Lemma [3.11 implies that R(q k ) = /il + zq k U + zq k U* is positive and 
invertible for all k € Z, which in particular implies that {-\fR)V = V \J R{q) and 
V*VR = (y/R{q))V*. Thus, one concludes that 

^(a) = £aj n yfitf)) urni ym2 + E & » ( ft uni ( t/ *)" 2 • 

m \ fe=0 / ft \ k=l ! 

Since elements of the form 

J2 c rTl U mi V m2 

meZxZ 

form a basis of a dense subset of Cg, it follows that if cj)(a) = then one must have 
o-rh = bft = for all m and ft. Hence, a = 0, which proves that <f> is injective. □ 



Since 4> is injective, one can define a C*-norm on A^ g by setting ||a|| = ||0(a)|| for 
all a £ A Q g , and by A^g we denote the completion of A° g in this norm. Moreover, 
<fi can be extended to A^g by continuity, and (by a slight abuse of notation) we 
shall also denote the extended map by (j>. 

Proposition 3.3. The map </> : A^g — > Cg is an isomorphism of C* -algebras. 

Proof. As in Lemma 13.11 one can show that /il + zA + zA* is positive and invertible 
in A^g. Hence, one constructs the inverse of 4> by setting 

^ ^ _ y/flt +ZA + W* W 

r 1 (u) = A. 



(which is easily shown to be a well defined map) and extending it as a *-homomorphism 
through continuity. □ 



DEFORMED NONCOMMUTATIVE TORI 



7 



3.1. Projective modules. In |ABH + 09b all finite-dimensional hermitian ^rep- 
resentations of Ch,fj, were constructed and classified. It was found that, in the 
case of algebras related to tori, the parameter has to be a rational number for 
finite dimensional representations to exist; which is in the same spirit as for Cg. 
For the sake of comparison, let us see how the standard projective modules of the 
non-commutative torus can be presented for A^^g. 

Let t; m ,n be the vector space <S(R x Z„), i.e. the space of Schwartz functions in 
one real variable x and one discrete variable fceZ„. By defining 

(3.1) (<t>W)(x,k) = W(x,k)4>(x-s,k- 1) 

(3.2) (<j>W*)(x,k) = W{x + e.k + l)<j){x + s,k + l) 

(3.3) (<l>A)(x,k) = e 2 ^ x - mk / n U(x,k) 

(3.4) (<M*)(x, k) = e- 27ri ( x - mk / n U(x, k), 

where e = (m + n6) / n and 

sin (2ir(x — mk/n) — n6 
cos tt6 



(3.5) W(k,x)=[fi + 



one can check that £„ l; „ becomes a right A ^ g module. 
The standard derivations on Cg, defined by 

drU = iU d 2 U = 
d x V = d 2 V = iV, 

and extended to the smooth part of Cg , can be pulled back to the smooth part of 
A^ifi (defined as the inverse image of the smooth part of Cg) giving 

diA = iA d 2 A = 

0i W = i(zA - zA*)(nt + zA + zA*y V 
d 2 W = iW. 

Furthermore, a connection may be defined on the above modules in a standard 
manner. Namely, the linear operators Vi, V2 : £, m ,n —> £,m,n, given as 

(Vi*)(*,*) = ^(*,*) 
(\7 2 <j))(x,k) = -x(p(x,k), 

£ 

define a connection on (, m ,m i.e. they fulfill 

Vi(c/>-a) = (Vi0) -a + cj)- (dio) 
for i = l,2 and a in the smooth part of A^^g. One easily computes that 

[Vx,V 2 ] = -U, 
i.e. the connection has constant curvature. 
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